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This study analyzes the strain energy stored in decahedral particles through finite-
element (FE) simulations that fully account for material anisotropy. The particle is mod-
eled as an assembly of five perfect tetrahedra with a geometrically necessary gap. A two-
stage FE procedure is employed: first, prescribed displacements close the gap to generate
the eigenstrain; second, the resulting stress-strain state is calculated as the elastic response
arising from the introduced eigenstrain. To quantify the influence of anisotropy on the par-
ticle strain energy, we introduce an anisotropy coefficient, defined in terms of the engineer-
ing elastic constants. The numerical results are compared with isotropic analytical models
based on Voigt, Reuss, and Hill homogenization schemes for a range of face-centered cubic
metals. We demonstrate that isotropic approximations consistently overestimate the strain
energy, the Reuss scheme provides the closest agreement to the FE solution (deviations
below 26% even for highly anisotropic Pb). For weakly anisotropic materials such as Al,
the considered schemes yield similar inaccuracy of approximately 8%. Our findings under-
score the necessity of incorporating material anisotropy for accurate quantitative predic-
tions of strain energy in decahedral particles.
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1. INTRODUCTION

The widespread application of face-centered cubic (FCC)
metallic decahedral nanoparticles (DhPs) in plasmonics
and catalysis stems directly from their unique structural
characteristics [1,2]. In plasmonics, the anisotropy of DhPs
supports two distinct dipolar plasmon resonance modes:
azimuthal (oscillations in the equatorial plane of DhP) and
polar (oscillations along the direction of the fivefold rota-
tional axis) [3]. With increasing DhP size (above 65 nm), a
quadrupole mode emerges, and the intensity of this mode
rises with particle size [4]. The anisotropy of DhPs defined
multiple plasmon modes which are widely exploited to
broaden the spectral range of the particle's response, gen-
erate stronger localized fields, and enhance the efficien-
cy of light absorption. In catalysis, DhP twin boundaries
and surface facets provide a high density of active sites,
making them exceptionally efficient for both optical and

chemical transformations [5,6]. For instance, Pd pentago-
nal nanoparticles significantly stimulate the higher activity
towards electrochemical reduction of CO, in comparison
with Pd octahedrons [7]. Besides, Pt-DhPs are success-
fully utilized in the oxygen reduction reaction [8]. Thus,
most studies recognize that the unique properties of DhPs
are attributed to their anisotropy and structure.

In terms of the particle structure, DhPs consist of five
tetrahedral single-crystal domains sharing a fivefold twin-
ning axis. The tetrahedra are bounded by {111}-type fac-
ets, with edges oriented along <110>-type crystallographic
directions [9]. This crystallographic configuration creates
an angular deficit between the tetrahedral (o =~ 0.128 rad
or 7.35°), resulting in elastic strain. It is well known that
this strain affects not only the thermodynamic stability of
DhPs but also their electronic structure and catalytic activ-
ity. Hence, the accurate modeling of the strain-stress state
is crucial for the rational design of DhP based materials.
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Fig. 1. FE model of a DhP with FE mesh: (a) geometry used for the first stage (simulating gap closure); (b) geometry used for the sec-

ond stage (calculating the stress-strain state).

The most proper analytical model for describing the
strain energy of a DhP is credited to Polonsky et al. [10,11].
In this model, the particle is approximated as an elastic
sphere with a disclination at its center. The Polonsky mod-
el provides valuable analytical insight, however this mod-
el based on the isotropic assumption ignores the crystallo-
graphic anisotropy of the DhP. Consequently, the validity
of its predictions for actual anisotropic particles remains
unclear.

In the present study, we suggest a FE model of an
anisotropic DhP that explicitly accounts for its crystallo-
graphic structure. Comparing systematically the results of
anisotropic FE simulations with those of Polonsky isotro-
pic model, we quantify the influence of anisotropy on the
strain energy of the particles. This analysis establishes the
limits of applicability of isotropic approximation and pro-
vides a more accurate framework for predicting the stress-
strain state in DhPs, which is essential for understanding
their stability and functional properties in plasmonic and
catalytic applications.

2. MODEL

We consider the FE approach to calculate the strain energy
of decahedral particles. This approach is similar to the dis-
clination one [12]. The key advantage of the FE method
lies in its ability to consider the specific geometric fea-
tures (such as faceting) and material anisotropy via nu-
merical solution of the governing equations.

Fig. 1 shows the FE model of a DhP with FE mesh. The
problem is solved in two stages. In the first stage (Fig. 1a),
a gap is closed; this gap is geometrically necessary for the
assembly of five ideal tetrahedra. It should be noted that
the elastic constants C,;, C,,, and C,, (typical for FCC ma-
terials) are assigned for each tetrahedron. This assignment
considers the crystallographic orientation of each individ-

ual tetrahedron with respect to the global coordinate sys-
tem. The gap is closed by applying prescribed displace-
ments to the mesh nodes located on its surfaces. Once the
gap boundaries are closed, the DhP acquires an eigenstrain
equivalent to a wedge disclination at its center. The sec-
ond stage (Fig. 1b) involves computing the stress-strain
state as the elastic response arising from the introduced
eigenstrain. Thus, the total displacement, strain, and stress
fields of the DhP are computed numerically, with material
anisotropy taken into consideration.

A detailed description of the calculation procedure can
be found in our recent paper [13].

3. RESULTS AND DISCUSSION

To analyze the effect of anisotropy on the strain energy
of the DhP, it is convenient to use the anisotropy coef-
ficient 4, which is determined through the engineering
anisotropic elastic constants in following form [14]:

21+ V)G
e
where E“¢, G*¢ and v are engineering Young modulus,
shear modulus and Poisson ratio respectively.
Note that the engineering constants £, G and v
are related to the elastic constants C, for a cubic material
in Voigt notation as follows:

A , (1

(Cll - C12 )(Cn + chz)

E”¢ = along a <100> direction,(2)
Cll + C12
G¢ =C,, shear on a {100} plane in the <010> direction,
3)
8 = G for tension along <100> and lateral strain
Cll + CIZ
along <010> direction. 4)
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Fig. 2. Strain energy of an anisotropic DhP. Dependence of the strain energy of DhP W (in units of 10 C,,V’®’, where V is the decahe-
dron volume) on changes in: (a) the engineering Poisson ratio v and (b) the anisotropy coefficient 4.

The isotropic constants £, G and v may be obtained by
averaging the elastic constants C; according to the Voi-
gt [15], Reuss [16] or Hill [17] methods:

G = Cll _Clz +3C44 G. = 5C44(C11 _Clz)
Vv ) R — B
5 4C44 +3(C11 _C12)

G, +G

G, =1k, (5)
2
9KG, 3K -2G.

E = —, v, = ~,i=V,R,or H, (6)

3K +G, 6K +2G,
K= G, +32C12 . )

Figure 2 illustrates the combined influence of the
engineering Poisson ratio v, and the anisotropy coeffi-
cient 4 on the strain energy W that is given in units of
107C, V@ (V is the decahedron volume). As shown in
Fig. 2a, for a fixed anisotropy coefficient A, the strain en-
ergy W decreases monotonically with a decrease in the
engineering Poisson ratio v*. Figure 2b shows the strong
dependence of the strain energy W on the anisotropy
coefficient 4: for any given v, W is highest in weakly
anisotropic materials and drops markedly as 4 increases.
At high anisotropy levels (4 > 5), the sensitivity of W to
v¢ diminishes, with curves for different v values near-
ly overlapping. This indicates that in strongly anisotropic
materials, the anisotropy of the engineering shear mod-
uli G, characterized by the anisotropy coefficient A,
dominates the strain energy W, suppressing the role of the
engineering Poisson ratio v**.

To evaluate the effect of material anisotropy on the
strain energy W of a DhP, we compare the numerical re-
sults with the Polonsky analytical model that described the
strain energy W as stored by a wedge disclination in an
elastic sphere of volume V, as follows [10]:

W:3GVW(3)2 1 v(1+3v)
1-v \2n) [12 15(7+5v)

—i (1+4m)(32m*v* =8m* (v’ = Tv+1)—4m’ (1-v)
4m-DmQ2m-D)G+8m+4m*)’ (1+v +2m +4m* + 2mv)

m=2

2m(11v? = Tv =9)—(1+v)(5— 4v)) H

A(m—1)m (2m —1)3+8m+4m*)> (1+ v +2m + 4m> + 2mv)
@®)

Table 1 presents a comparative analysis of the strain
energy density W/V (in eV/nm’ units) for DhPs in vari-
ous FCC metals. The results obtained from the anisotropic
FE analysis are compared against the isotropic analytical
solutions (see Eq. (8)) based on homogenized mechani-
cal properties. The homogenization was performed using
three classical schemes: Voigt (uniform strain assump-
tion), Reuss (uniform stress assumption), and Hill (arith-
metic means of Voigt and Reuss), see Eq. (5)~(7). The
elastic constants C,,, C,,, and C,, [18,19], and the coef-
ficient of anisotropy 4 for each metal are also listed, as
they define the single-crystal anisotropic behavior used as
input for the numerical model.

The choice of the averaging scheme (Voigt, Reuss,
or Hill) has a noticeable effect on the analytical energy
prediction. As expected, the Reuss estimate consistently
yields the lowest energy values, while the Voigt estimate
provides the upper bound. The Hill average falls between
the two. This trend is consistent across all metals, reflect-
ing the inherent differences in the underlying assumptions
of stress and strain uniformity.

A critical finding is that the anisotropic FE analy-
sis predicts a lower strain energy density compared to
all three isotropic analytical estimates for every met-
al examined, and is in agreement with other works,
such as that by Patala et al. [20]. For example, in Cu,
the FE result (2.795 eV/nm’) is substantially lower than
the Voigt (4.414 eV/nm’), the Reuss (3.438 eV/nm’), and
the Hill (3.938 eV/nm’) estimates. This systematic over-
estimation by the isotropic models suggests that explicitly
accounting for crystallographic anisotropy is crucial for
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Table 1. Comparison of the strain energy density W/V given in units of eV/nm’ between isotropic analytical solutions with homog-
enized mechanical properties and anisotropic FE analysis for some FCC metals. The table also lists the elastic constants C; and the

anisotropy coefficients 4 for the metals under consideration

Metal Anisotropy coefficient 4 Elastic constants C;, GPa Analytical solution for W/V, eV/nm®  FE solution for
c, c, C. Voigt Reuss  Hill WiV, eVinm’
Al 1.21 114.3 61.9 31.6 0.870 0.864 0.867 0.805
Pt 1.48 358.1 253.5 77.5 5.267 5.148 5.164 4.477
Ni 2.39 261.2 150.8 131.7 11.330 9.877 10.680 8.666
Pd 2.46 234.2 176.1 71.2 3.777 3.232 3.508 2.687
Au 2.85 201.5 169.7 454 1.584 1.269 1.431 1.010
Ag 2.99 131.5 97.3 51.1 1.818 1.443 1.621 1.172
Cu 3.19 176.2 124.9 81.8 4414 3.438 3.938 2.795
Pb 3.84 55.6 454 19.4 0.259 0.184 0.224 0.146

accurately capturing the elastic behavior of these pentag-
onal particles.

The Table 1 demonstrates that the strain energy density
is highly sensitive to the specific metal. Materials with a
high degree of elastic anisotropy (like Pb and Cu) show a
larger spread between the Voigt and Reuss bounds, which in
turn correlates with a more pronounced difference between
the isotropic estimates and the anisotropic FE result. This
indicates that the deviation from the isotropic approxima-
tion is directly linked to the material inherent anisotropy.

Since the FE solution accounts for material anisotropy,
it should be more accurate than the analytical models. As
shown in Table 1, the closest match to the FE results is
provided by the Reuss averaging scheme. For this scheme,
the difference does not exceed 26%, even for highly aniso-
tropic Pb, while the Voigt scheme gives an error of 77%.
For materials with low anisotropy, such as Al, all three av-
eraging schemes yield a similar error of about 8%. These
differences can be explained by the specific structure of
the DhP. It has a distinguished <110>-type crystallograph-
ic direction along which the tetrahedral blocks are joined,
making its symmetry close to that of a transversely isotro-
pic body. Thus, to improve the accuracy of analytical pre-
dictions, the elastic constants of the cubic crystal should
be recalculated for a transversely isotropic solid.

4. CONCLUSIONS

A two-stage FE procedure has been developed to model
the stored strain energy in DhP. The method accounts for
both the faceted geometry of the particle and the anisotro-
py of the crystal lattice. The anisotropy coefficient 4 has
been introduced, expressed in terms of the engineering
elastic constants. This coefficient provides a convenient
measure for analyzing the influence of anisotropy on the
strain energy W.

The strain energy W decreases monotonically with the
decreasing engineering Poisson ratio v for a fixed an-

isotropy coefficient 4. At high anisotropy levels (4 > 5),
the dependence on v becomes negligible, indicating that
shear anisotropy dominates the elastic response.

Comparison of the FE results with isotropic analytical
models based on Voigt, Reuss, and Hill averaging reveals
that isotropic approximations systematically overestimate
the strain energy. The Reuss scheme yields the closest
match to the numerical solution, with deviations not ex-
ceeding 26% even for highly anisotropic Pb, whereas the
Voigt scheme leads to errors as high as 77%. For materials
with low anisotropy (e.g., Al), all three averaging schemes
produce similar errors of approximately 8%, suggesting
that the choice of homogenization method is less critical
in such cases.

The observed differences are linked to the inherent
symmetry of the DhP, which possesses a distinguished
<110>-type crystallographic direction along which the
tetrahedral blocks are joined. This makes the symmetry
of the particle nearly transversely isotropic, implying that
improved analytical estimates could be obtained by re-
calculating the cubic elastic constants for a transversely
isotropic solid.

Finally, the results demonstrate that crystallographic
anisotropy must be taken into account for reliable quan-
titative predictions of strain energy in DhPs. Isotropic ho-
mogenization techniques, while useful for qualitative es-
timates, are insufficient for accurate quantitative analysis.
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Annotanms. B pabote uccienyercs ynpyras Heprus, 3anacéHHas B Jekayapuueckux vactuiax (JY), paccuntaHHas ¢ OMOIIBIO
MeTo/1a KoHeuHbIX aeMeHToB (KD), ¢ yuérom anm3oTponuu marepuaia yactuibl. Momens J[U coCTOUT U3 MTH UICAIbHBIX TETPA3IPOB
C TeOMETPUYCCKH HEOOXOMUMOil Imenbio. MonelmupoBaHie MPOBOJUTCSA B JiBa dTama: Ha MEPBOM JTalle MPOHMCXOIUT CMbIKAHHE
IeTH MyTEM MPUKITABIBAHUS HEOOXOMMMBIX MMEPEMEIICHUN K €€ KpasiMm, 4TO MPUBOIUT K TOSBICHHUIO COOCTBCHHOMU JehopMaIiu B
YaCTHIIC; Ha BTOPOM 3Tare MPOUCXOIUT YIIpyrasi pellakcalisi YaCTHIIbI ¢ pacdéTOM HAMPsHKEHHO-ICPOPMUPOBAHHOTO COCTOSTHUS. 15t
KOJIMYCCTBCHHOM OICHKU BIIMSHUS aHU30TPOIMH Ha YIPYTHUe CBOMCTBA YACTHIBI BBOTUTCS KOADPHUIIMEHT aHU30TPONUH C TIOMOIIBIO
HWH)KCHEPHBIX YIPYTUX TOCTOSIHHBIX Marepuaia. JIaHO CpaBHEHHE DPE3yJIbTaTOB YHCICHHBIX PACUETOB C OLICHKAMH H30TPOIHBIX
AHATMTHYCCKUX MOJIENICH ¢ IPUMEHEHHEM TPEX CXeM OCPEIHCHHUs yNpyrux nmocTostHHbIX: Doiirta, Peiicca u Xwna. [Tokazano, uto
HM30TPOIHOE MPUOIKCHUE 3aBBIIIACT YIPYTYIO SHEPruto, mpuuéM cxema Pelicca maét Haubonbiiee cootBercTBre ¢ KD perieHreM
(oTkyIOHEHMST MeHee 26% naxke i CHIIBHO aHH30TporHOoro Pb). Jlns cmabo aHW30TPOMHBIX MaTepualioB, TaKuX Kak Al, Bce Tpu
PaccMOTPEHHBIC CXEMbI AT OJM3KUE MOrpermHocTH nopsaka 8%. [lomyueHHbIe pe3ynbTaThl MOMYEPKUBAIOT HEOOXOAUMOCTh yuéTa
AQHM30TPOITUH MaTepuaa JUis TOYHON KOJMYCCTBEHHOM OIICHKHU YIPYTrOi SHEPTHH B MEHTArOHAIBHBIX YACTUIAX.

Knroueswie crosa: METO KOHEUYHBIX DJIEMEHTOB; 3allaCCHHAas yIpyras SHEPrus; JUCKINHAIUU, NEKaA3APUICCKNUE YaCTULIbI
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